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ABSTRACT: Using the Arthur-Selberg trace formula we express the index of a Dirac
operator on an arithmetic quotient manifold as the integral over the index form plus a sum of
orbital integrals. For the Euler operator these orbital integrals are shown to vanish for products
of certain rank one spaces. In this case the index theorem looks exactly as in the compact case.
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Introduction
Index theorems for noncompact but finite volume locally symmetric
spaces Y are usually of the form
ind(D) =
∫
Y
ω + ”error terms”,
where ω is the local index form of the elliptic differential operator D. The
error terms are associated to the cusps.
F. Hirzebruch [15] used resolution of cusp-singularities to show that in
the case of Hilbert modular surfaces and their signature operators the error
1
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terms can be given as special values of L-functions. Using the Selberg trace
formula this was extended to higher dimensional Hilbert modular varieties by
W. Mu¨ller [18]. Also by means of the Selberg trace formula D. Barbasch and
H. Moscovici [7] showed index theorems for real rank one spaces. A detailed
analysis of the geometry of arithmetic quotient varieties led M. Stern [20],
[21] to index theorems of the above type. By means of the adelic trace
formula J.P. Labesse [16] investigated the index of the signature operator
focussing on the representation theoretic aspects.
In this paper we will use Arthur’s formula [3] to give a geometric index
formula of the above type for Dirac operators. The advantage of this index
formula is that in some cases like products of real hyperbolic spaces the
vanishing of the error term can be read off. The most important example
for this is the Euler operator De = d + d∗ as operator from even to odd
forms. In the compact case one has
indDe =
∫
Y
ω = χ(Y ),
where ω is the Euler form and χ(Y ) the topological Euler characteristic. The
first equality is the Atiyah-Singer index theorem, the second the Gauss-
Bonnet equality. In the case of arithmetic quotients G. Harder [11] has
shown that the second equality also holds in the noncompact case. One
might wonder whether the first also carries over to noncompact arithmetic
quotients. In this paper we show that the first equality holds in case of
products of rank one spaces modulo arithmetic groups coming from totally
real number fields with at lest two real embeddings. This contains the case
of Hilbert modular varieties.
1 Homogeneous Dirac operators and their index
kernels
An arithmetic quotient is a quotient manifold XΓ = Γ\X of a globally
symmetric space X by a torsion-free arithmetic group Γ. The space X is as-
sumed not to have compact or euclidean factors. Under these circumstances
the space X can be written as homogeneous space X = G/K, where G is a
semisimple real reductive group acting transitively by isometries and K is
a maximal compact subgroup of G. The group Γ is an arithmetic subgroup
of G.
To be able to use adelic methods we will further assume that Γ is a
congruence subgroup, i.e. there is a semisimple linear algebraic group G
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over Q with G = G(R), a compact open subgroup KΓ of G(Afin), where Afin
is the ring of finite adeles over Q such that Γ = G(Q) ∩KΓ.
In order to have strong approximation available we will also assume the
group G to be simply connected.
Since the indices of homogeneous Dirac operators are known to vanish
otherwise we will assume
rank G = rank K.
On the group G(A) we have a unique Haar measure given by a rational
top differential form. This measure is also called the Tamagawa measure.
We will distribute the Tamagawa measure to the factors G(R) and G(Afin)
in a way that on G = G(R) we have the Euler-Poincare´ measure given
by
vol(Γ\G) = (−1)
dimX
2 χ(XΓ),
where χ denotes the Euler-Poincare´ characteristic. It suffices to insist this
formula to hold for cocompact torsion free lattices Γ but for arithmetic ones
which are not cocompact it holds as well ([11]).
Let g0 = k0 ⊕ p0 denote the polar decomposition of the real Lie algebra
g0 of G where k0 := LieRK and p0 is the orthogonal complement of k0 with
respect to the Killing form B of g0. Let g = k ⊕ p denote the complexified
version. Since G and K have the same rank there is a Cartan subgroup T
of G which is contained in K. Let t denote the complex Lie algebra of T .
Choose an ordering on the root system Φ(g, t). Since p is stable under Ad(T )
it follows that this choice induces a decomposition p = p+ ⊕ p− according
to positive and negative root spaces. This decomposition is a polarization
of the quadratic space (B, p) and thus the space S := ∧∗p− becomes a
module under the Clifford algebra Cl(B, p). Since G is simply connected the
homomorphism K → SO(p) given by the adjoint action factors over the spin
group Spin(p) ⊂ Cl(B, p). So K acts on S. The same applies to ∧∗p+ and
the K-action on the space ∧∗p− ⊗ ∧
∗p+ = ∧
∗p coincides with the adjoint
action.
The action of K on S leaves invariant the subspaces
S+ := ∧evenp−, S
− := ∧oddp−.
Let (τ, Vτ ) be an irreducible unitary representation of K then the K-
representations S± ⊗ τ define homogeneous vector bundles E(S± ⊗ τ) over
X whose smooth sections can by identified with the K-invariants:
(C∞(G)⊗ S± ⊗ τ)K ,
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where K acts on C∞(G) by right shifts. The same applies to S and we have
E(S ⊗ τ) = E(S− ⊗ τ) ⊕ E(S+ ⊗ τ). Let the Lie algebra g act on C∞(G)
by left invariant vector fields, i.e. Xf(g) := ddt |t=0f(g exp(tX)) for X ∈ g
and f ∈ C∞(G). Let (Xj)1≤j≤dimX denote an orthonormal basis of p the
we have the Dirac operator acting on C∞(E(S ⊗ τ)):
Dτ :=
dimX∑
j=0
Xj ⊗ c(Xj)⊗ 1,
where we have written c(Xj) for the Clifford action of Xj ∈ p ⊂ Cl(B, p) on
S. Clearly Dτ commutes C
∞(E(S+ ⊗ τ)) and C∞(E(S− ⊗ τ)) and we will
write D±τ for the restriction of Dτ to C
∞(E(S± ⊗ τ)). Then D+τ and D
−
τ
are adjoints of each other.
The homogeneous bundle E(S ⊗ τ) pushes down to a bundle EΓ(S ⊗ τ)
over XΓ whose space of smooth sections can be identified with (C
∞(Γ\G)⊗
S ⊗ τ)K .
In [17] it is proven that there is a compactly supported smooth function
gτ such that
trpi(gτ ) = dim(Vpi ⊗ S
+ ⊗ Vτ˘ )
K − dim(Vpi ⊗ S
− ⊗ Vτ˘ )
K .
We want to show that trpi(gτ ) vanishes for a principal series representa-
tion pi. To this end let P =MAN be a parabolic subgroup with A ⊂ exp(p).
Let (ξ, Vξ) denote an irreducible unitary representation of M and e
ν a qua-
sicharacter of A. Let piξ,ν := Ind
G
P ξ ⊗ e
ν+ρP ⊗ 1.
Lemma 1.1 We have trpiξ,ν(gτ ) = 0.
Proof: By Frobenius reciprocity we have
HomK(γ, piξ,ν |K) ∼= HomKM (γ|KM , ξ),
where KM := K ∩M the claim will follow from S
+|KM
∼= S−|KM . To prove
this let 0 6= ω ∈ p− be in the image of the projection of a := LieA to p−.
Then KM acts trivially on Cω ⊂ p−. Let W ⊂ p− be a KM -complement to
Cω then
∧∗
p− =
∧∗W ⊕ ω ∧ ∧∗W and so S+ = ∧evenW ⊕ ω ∧ ∧oddW
∼=KM
∧oddW ⊕ ω ∧∧evenW = S−. ✷
For any unitary representation pi of G we define the Dirac operator
Dτ,pi :=
dimX∑
j=0
pi(Xj)⊗ c(Xj)⊗ 1
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acting on (pi∞⊗S⊗ τ)K . Write D±τ,pi for the restriction to (pi
∞⊗S±⊗ τ)K .
If kerD+τ,pi and kerD
−
τ,pi are finite dimensional we define
indD+τ,pi := dimkerD
+
τ,pi − dimkerD
−
τ,pi.
Lemma 1.2 For pi ∈ Gˆ the kernel of Dτ,pi is finite dimensional and we
have
indD+τ,pi = trpi(gτ˘ ).
Proof: SinceK-types have finite multiplicities in pi it follows that (pi∞⊗
S⊗τ)K is finite dimensional. On this finite dimensional space the operators
D+τ,pi and D
−
τ,pi are adjoints of each other, so
indD+τ,pi = dimkerD
−
τ,piD
+
τ,pi − dimkerD
+
τ,piD
−
τ,pi
= dimkerD2τ,pi|(pi∞⊗S+⊗τ) − dimkerD
2
τ,pi|(pi∞⊗S−⊗τ).
The formula of Parthasarathy [19] (see also [5]) implies
D2τ,pi = −pi(C) + τ(CK) +B(ρK)−B(ρ)|(pi∞⊗S⊗τ)K ,
where C and CK are the Casimir operators of G and K.
This gives the claim. ✷
The Dirac operator for the G-representation on L2(Γ\G) will be denoted
Dτ,Γ. Recall that L
2(Γ\G) decomposes as
L2(Γ\G) = L2(Γ\G)disc ⊕ L
2(Γ\G)cont,
where L2(Γ\G)disc, the discrete part, is the sum of all irreducible subrep-
resentations of L2(Γ\G) and L2(Γ\G)cont is a continuous Hilbert integral
extended over the principal series. Let R(gτ ) denote the convolution opera-
tor ϕ 7→ ϕ∗ g˘τ , where g˘τ (x) := gτ (x
−1). Then R(gτ ) = Rcont(gτ )+Rdisc(gτ )
accordingly and Lemma 1.1 implies that Rcont(gτ ) = 0. Further Theorem
7.1 of [3] says that R(gτ ) = Rdisc(gτ ) is a trace class operator. Therefore it
follows
Lemma 1.3 The spaces kerD+τ,Γ ∩ L
2(Γ\G) and kerD−τ,Γ ∩ L
2(Γ\G) are
finite dimensional. Denote the difference of their dimensions by indD+τ,Γ
then
indD+τ,Γ = tr(gτ˘ |L
2(Γ\G)).
✷
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The association τ 7→ gτ extends to virtual representations by linearity.
Consider the virtual representation of K on S+ − S−. We define
fτ := gτ⊗(S+−S−).
It follows that for pi ∈ Gˆ we have
trpifτ =
dimX∑
q=0
(−1)q dim(Vpi ⊗ ∧
qp⊗ Vτ˘ )
K .
An element g of G is called elliptic if it lies in a compact subgroup of
G. For any g ∈ G and a compactly supported smooth function f on G let
Og(f) :=
∫
G/Gg
f(xgx−1)dx
denote the orbital integral. The required normalization of Haar measures
of G and Gg follows [13].
From [10] we take
Proposition 1.4 Let g be a semisimple element of the group G. If g is
not elliptic, the orbital integrals Og(fσ) and Og(gτ ) vanish. If g is elliptic
we may assume g ∈ T , where T is a Cartan in K and then we have
Og(fσ) =
tr σ(g)|W (t, gg)|
∏
α∈Φ+g
(ρg, α)
[Gg : G0g]cg
,
for all elliptic g and
Og(gτ ) =
tr τ(g)
det(1− g−1|p+)
,
if g is regular elliptic. For general elliptic g we have
Og(gτ ) =
∑
s∈W (T,K) det(s)ω˜gg
sλτ+ρ−ρK
[Gg : G0g]cgg
ρ
∏
α∈φ+−φ+g
(1 − g−α)
,
where cg is Harish-Chandra’s constant, it does only depend on the centralizer
Gg of g. Its value is given in [9], further ω˜γ is the differential operator as
in [12] p.33. ✷
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Corollary 1.5 If G is a product of real rank one groups then the orbital
integral Og(fτ ) vanishes also for g non-semisimple.
Proof: It suffices to assume that the real rank of G is one. Consider a
non-semisimple element g. By [6], sec. 6 we get a curve t 7→ zt of semisimple
elements and a natural number m such that Og(fτ ) = limt→0 t
m/2Ozt(fτ ).
The function x 7→ Ox(fτ ) is bounded on semisimple elements by the propo-
sition and therefore we have Og(fτ ) = 0 for g non semisimple. ✷
Conjecture 1.6 The above corollary holds for all groups G. ✷
2 The G-index
Let RG ⊂ B(L
2(G)) denote the von Neumann algebra defined as the com-
mutant of the left representation of G on L2(G). On RG there is a canonical
faithful, normal, semi-finite trace trG, called the G-trace, uniquely deter-
mined by the property that
trG(R(f)
∗R(f)) =
∫
G
|f(g)|2dg,
where R denotes the right representation of G (See [8]). Let dimG denote
the dimension defined by the G-trace.
Choose a compact form Gd of G in a way that Gd contains the compact
group K. The homogeneous space Xd = Gd/K then is symmetric and is
called the dual symmetric space to X.
Let λ = λτ denote the infinitesimal character of τ then λ also defines an
infinitesimal character of some irreducible representation Wλ of G
d.
Proposition 2.1 The spaces kerD±τ ∩L
2(E(S±⊗τ)) are finite-dimensional
under dimG. Let indG(D
+
τ ) denote the G-index of D
+
τ , which is, by defi-
nition, the difference of these two G-dimensions. Then if λ is regular with
respect to the full root system we have
indG(D
+
τ ) =
dimWλ
χ(Xd)
,
where χ(Xd) is the Euler-characteristic of Xd. If λ is not regular, the G-
index of D+τ vanishes.
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It is known that the Euler characteristic is positive and that χ(Xd) =
|W (T,Gd)|, where T is a Cartan subgroup of Gd.
Proof: The finite dimensionality is Lemma 3.2 in [8]. The index formula
follows from formulas (3.7)-(3.13) of [5]. ✷
3 The index theorem
Assume now that G is the restriction to Q of some algebraic group H over
a number field F . It is known that the index of the Dirac operator Dτ,Γ
vanishes if rankG > rankK. If F has a complex place then it follows
rankG > rankK. So, in order to have a nontrivial theory we will assume
the field F to be totally real. Let S denote the set of archimedian places of
F . We assume that S has at least two elements.
Theorem 3.1 The index of the operator D+τ,Γ is given by
ind(D+τ,Γ) = indG(D
+
τ )χ(XΓ) +R(τ,Γ),
where the ”error term” R(τ,Γ) equals
R(τ,Γ) =
∑
γ∈Γns/G
a(γ)Oγ(gτ ).
The sum is extended over the set of non-semisimple elements Γns of Γ mod-
ulo the equivalence relation (G,S) defined in [3] The constant a(γ) coincides
with aG(S, γ) of [3] up to a volume factor.
Note that the first summand on the right hand side of the index formula
also coincides with the integral
∫
XΓ
ω, where ω is the index form of Dτ .
This also equals the Γ-index [4] of D+τ , so we have ind(D
+
τ,Γ) = indΓ(D
+
τ )+
R(τ,Γ).
Proof: Let KΓ be the compact open subgroup of G(Afin) such that
Γ = KΓ ∩ G(Q). Define a compactly supported function f on G(A) by
f = ffin ⊗ f∞, where ffin :=
1
vol (KΓ)
1KΓ and f∞ := gτ . Plug the function
f into Theorem 7.1 (b) of [3]. Then use Corollary 1.5. ✷
Unfortunately the constants a(γ) are not easy to compute (see the com-
ment on page 209 of [2]). In simple cases like G = ResF/QSL2 however,one
will probably be able to get more explicit expressions. In this paper we will
be more interested in the vanishing of R(τ,Γ).
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Corollary 3.2 In the case G = ResF/GSO(n, 1) for n ≥ 3, the error
term vanishes. Here SO(n, 1) stands for the special orthogonal group of
a quadratic form which has signature (n, 1) over the reals.
This extends Thm 7.5 of [7].
Proof: Proposition 1.4 and sec. 6 of [6] imply that R(τ,Γ) = 0 if K has
discrete center. The latter condition is satisfied for SO(n, 1). ✷
4 The Euler operator
Consider the homogeneous vector bundle E = E(τ) associated with the rep-
resentation τ . Choose a homogeneous connection on E(τ). Those always
exist and in case that τ = σ|K , where σ is a finite dimensional representa-
tion of G there is a unique flat homogeneous connection. This is the case
considered in [21]. The choice of a connection gives us an exterior differential
d : Ω.(E)→ Ω.+1(E).
The representation τ being unitary gives us a homogeneous hermitian metric
on E and we can define the formal adjoint d∗ of d and the Euler operator:
Deτ := d+ d
∗ : Ωeven(E)→ Ωodd(E).
We now come to the main result of this paper:
Theorem 4.1 Assume that G = ResF/QH, where H is a semisimple
connected linear algebraic group over the totally real number field F . Assume
F has at least two real embeddings and H is over R a product of rank one
groups. Let G := G(R) and X = G/K the symmetric space attached to G.
Let Γ a torsion free congruence subgroup of G. Write XΓ = Γ\X for the
quotient manifold. Let E(τ) be a homogeneous vector bundle over X given
by a unitary finite dimensional representation τ of the compact group K and
let Deτ,Γ be the Euler operator of the pushdown of E(τ) to XΓ then D
e
τ,Γ has
a well defined index and
ind(Deτ,Γ) = indG(D
e
τ )χ(XΓ).
Corollary 4.2 Assume Conjecture 1.6 holds. Then the condition on G in
the above theorem can be removed.
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Proof: The index of Deτ,Γ coincides with the index of D
+
τ˜ ,Γ, where τ˜ is
the virtual representation τ ⊗ (S+ − S+). With Lemma 1.3 it follows that
the index exists. The index theorem tells us that
ind(Deτ,Γ) = indG(D
e
τ )χ(XΓ) +R(τ˜ ,Γ).
Corollary 1.5 tells us that R(τ˜ ,Γ) = 0. ✷
Corollary 4.3 For the usual Euler operator DeΓ on XΓ we have
ind(DeΓ) = χ(XΓ).
Proof: This corollary is clearly valid for cocompact groups Γ. This
implies that the G-index must be one. ✷
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